Abstract. Let X H C 3 be a surface with an isolated singularity at the origin, given by the equation Qðx; y; zÞ ¼ 0, where Q is a weighted-homogeneous polynomial. In particular, this includes the Kleinian surfaces X ¼ C 2 =G for G < SL 2 ðCÞ finite. Let Y :¼ S n X be the n-th symmetric power of X . We compute the zeroth Poisson homology HP 0 ðO Y Þ, as a graded vector space with respect to the weight grading, where O Y is the ring of polynomial functions on Y . In the Kleinian case, this confirms a conjecture of Alev, that
1. Introduction 1.1. Main result. Let a, b, c be positive integers, and equip the polynomial algebra C½x; y; z with a weight grading in which jxj ¼ a, jyj ¼ b, and jzj ¼ c. In this paper, we are interested in surfaces X H C 3 with an isolated singularity at the origin, cut out by a polynomial Qðx; y; zÞ ¼ 0, which is weighted-homogeneous of degree d. Such surfaces were first studied systematically by Saito [14] . For convenience, we also assume that a e b e c.
Recall that the surface X is equipped with a standard Poisson bracket assigning fF ; Gg the determinant of the Jacobian matrix of F , G, and Q. In other words, this is given by the bivector where D is the natural contraction operation, which in this case produces a bivector from a trivector and a one-form. The above bivector is weight-homogeneous of degree k :¼ d À ða þ b þ cÞ, and is a Poisson bivector (i.e., fp; pg ¼ 0, where f ; g is the Schouten-Nijenhuis bracket). Hence it produces a Poisson bracket of degree k. Our goal is to compute the zeroth Poisson homology group of the algebras of functions on symmetric powers of X , i.e., the singular varieties X n =S n ; for similar results for X itself and higherdimensional analogues of X , see, e.g., [3] , [13] , [16] , [17] .
When k < 0, X has a Kleinian singularity, i.e., X G C 2 =G where G < SL 2 ðCÞ is a finite subgroup. These finite subgroups have a well-known classification, and up to equivalence, we have one of the following (see, e.g., [6] and [9] , Proposition 2.3.2): Here we set the degree k of the bracket to À2 in the A case and À1 for the D and E cases.
The case k ¼ 0 (i.e., d ¼ a þ b þ c) is called the elliptic case, and, up to equivalence, the surface has one of the following forms, for some l A C Â (see op. cit.):
:1:9Þ Let X ðnÞ :¼ S n X be the n-th symmetric power of X , which is a singular a‰ne Poisson variety. In this paper, we compute explicitly the zeroth Poisson homology of the algebra of functions on X ðnÞ , as a graded vector space using the weight grading. To describe this, recall the Jacobi ring of X , J Q :¼ C½x; y; z=ðQ x ; Q y ; Q z Þ; ð1:1:10Þ
where Q x , Q y , and Q z are the partial derivatives of Q with respect to x, y, and z, respectively. Then, J Q is finite-dimensional, and its dimension is called the Milnor number, and denoted by m Q [11] . We will also denote it by m X , or simply m.
For any graded vector space V with finite-dimensional graded components, let hðV ; tÞ denote its Hilbert series.
Recall that, for any Poisson algebra A, its zeroth Poisson homology is defined as HP 0 ðAÞ :¼ A=fA; Ag: ð1:1:11Þ Remark 1.1.12. The dimension of HP 0 ðAÞ (if finite-dimensional) is a bound on the number of zero-dimensional symplectic leaves of Spec A, since every zero-dimensional symplectic leaf produces a functional on HP 0 ðAÞ by evaluation, and these are all linearly independent.
In [3] , Alev and Lambre showed that HP 0 ðO X Þ G J Q ; ð1:1:13Þ as weight-graded vector spaces. Here O X denotes the global functions on X (which is a‰ne). (See also [13] , which includes higher Poisson (co)homology.)
It will be convenient to combine the linear duals of the homology groups HP 0 ðO X ðnÞ Þ, for n f 0, into one bigraded algebra L Here, the exponent of t is the weight, and the exponent of s is the corresponding symmetric power of X . Note that there is a t À1 since, by convention, the weights are negated when we take the dual.
We may thus write the Hilbert series of L nf0 HP 0 ðO X ðnÞ Þ itself by the following formula.
Write hðJ Q ; tÞ ¼ t n 1 þ Á Á Á þ t n r (in the Kleinian case, the numbers m i : In this situation, there is a canonical surjection HP 0 ðBÞ ! ! gr HH 0 ðAÞ :¼ gr A=½A; A, obtained by passing to the associated graded vector spaces of the filtered vector spaces A and ½A; A. We will refer to this as the Brylinski spectral sequence in degree zero, since it is the zeroth degree part of a spectral sequence relating HP Ã to HH Ã (note that we will not consider HP i or HH i for i > 0). Moreover, we may equip HH 0 ðAÞ with the weight filtration from A, and it is easy to see that this surjection preserves the grading. In the case that the surjection HP 0 ðBÞ ! ! gr HH 0 ðAÞ is an isomorphism, we say that the Brylinski spectral sequence degenerates in degree zero.
Next, for any associative algebra A over a field K and a collection of distinct irreducible finite-dimensional representations r 1 ; . . . ; r m , the traces Trðr 1 Þ; . . . ; Trðr m Þ define linearly independent functionals on HH 0 ðAÞ. Hence, m e dim HH 0 ðAÞ.
Thus, the Brylinski spectral sequence together with (1.1.18) immediately implies the following result in representation theory. In particular, these quantizations A include the so-called (noncommutative) spherical symplectic reflection algebras associated to the semidirect product group G n :¼ G n z S n , where S n acts by permuting components (i.e., the wreath product of G with S n ), viewed as a subgroup of Sp 2n ðCÞ. The spherical symplectic reflection algebras are defined as A ¼ eÃ Ae LÃ A, whereÃ A is a symplectic reflection algebra associated to G n [8] , and
g A C½G n is the symmetrizer. In more detail, the algebrasÃ A such that eÃ Ae is noncommutative are deformations of the algebra Weyl 2n z G n , where the Weyl algebras are defined as1) Weyl 2 ¼ Chx; yi=ð½x; y À 1Þ and Weyl 2n ¼ Weyl nn 2 . Such algebrasÃ A form a universal family of deformations of Weyl 2n z G n (see op. cit.), and are widely studied.
For the non-Kleinian cases, the Poisson bracket does not have negative degree, so the above does not apply. However, one can consider deformation quantizations of Y : this means a C½½ h-algebra A h which is isomorphic to O Y ½½ h as a C½½ h-module, such that In particular, these include the commutative spherical symplectic reflection algebras associated to G n , which are defined similarly to the noncommutative case above. Moreover, by [8] , Theorem 1.8, the above is also isomorphic to HH 0 ðA 0 Þ where A 0 is a generic spherical symplectic reflection algebra as in the previous section (which in particular is a deformation of Weyl G n 2n and a quantization of B). This together with upper semicontinuity of dim HH 0 implies the more general Corollary 1.3.2. For every noncommutative spherical symplectic reflection algebra A associated to G n , the canonical surjection HP 0 ðBÞ ! ! gr HH 0 ðAÞ is an isomorphism of graded vector spaces. Similarly, for every commutative spherical symplectic reflection algebra A associated to G n , the canonical surjection HP 0 ðBÞ ! ! gr HP 0 ðAÞ is an isomorphism of graded vector spaces. Theorem 1.3.1 confirms a conjecture of J. Alev [7] , Remark 40. In the case where G ¼ Z=2 ¼ fGIdg H Sp 2 ðCÞ, this was proved in the case n ¼ 2 in [1] , and for n ¼ 3 in [7] , where also some preliminary results and conjectures are given towards general n (again for G ¼ Z=2).
We remark that Alev also posed a similar conjecture, which replaces G n as above with finite Weyl groups W < GL n ðCÞ ,! Sp 2n ðCÞ, where the embedding is given by
. The case ðZ=2Þ n z S n then identifies with the Weyl groups of type B n (and also with type C n ). We will show in future work that this conjecture also holds in type A, but not in type D, in general. This conjecture was verified to hold in types
To deduce Theorem 1.3.1 from Theorem 1.1.14, one uses [2] , which gives a general formula for the dimension of HH 0 ðWeyl G 2n Þ for arbitrary n and G < Sp 2n ðCÞ. However, we will use only the n ¼ 1 case and a general result from [10] , §3, to make this more transparent.
In the non-Kleinian cases, following [9] (e.g., Theorems 3.4.4 and 3.4.5), one may always produce a deformation quantization of O X . For such a deformation quantization, we may similarly deduce
This generalizes the theorem above.
In the case that the Poisson bracket on B has degree zero (the elliptic case), there exist not merely formal but actual, homogeneous quantizations, the Artin-Tate-OdesskiSklyanin-type algebras modulo their center (e.g., [4] , [15] ; see also [9] , §3.5). We denote these by A g . Here the parameter h is replaced by a point g on an elliptic curve. For such algebras, we deduce Corollary 1.3.4. For all but countably many parameters g, we have a noncanonical isomorphism of weight-graded vector spaces, HH 0 ðSym n A g Þ G HP 0 ðO X ðnÞ Þ, and moreover,
as bigraded algebras (noncanonically), where HH 0 ðSym n A g Þ Ã has degree n, and t has degree 1 and weight Àd.2)
Note that, when g is a point of finite order of the elliptic curve, then HH 0 ðA g Þ is infinite-dimensional, and the isomorphism HH 0 ðA g Þ G HP 0 ðO X Þ fails. We expect that these are exactly the countably many g mentioned in the corollary.
Moreover, we deduce the same result for filtered algebras A 0 g whose associated graded is A g , as studied in [18] , [9] . for all but countably many g. The same holds more generally for filtered algebras whose associated graded is Sym n A g (for all but countably many g). Remark 1.3.8. The isomorphisms above don't have anything to do with the specific quantizations. Generally, the n-th symmetric power of any formal or filtered quantization A 0 of O X , or a generic actual graded or filtered deformation A 0 in a family which restricts in a formal neighborhood to a formal quantization, satisfies gr HH 0 ðSym n A 0 Þ G HP 0 ðSym n O X Þ n K, where K is the base field for the deformation (i.e., K ¼ Cðð hÞÞ for a formal deformation, and K ¼ C for a filtered or graded deformation). Similarly, for any formal Poisson deformation B 0 of O X or filtered Poisson algebra whose associated graded is O X , or any generic actual graded or filtered Poisson deformation,
Note that the semiuniversal formal Poisson deformations B 0 were classified in [9] , and the actual elliptic deformations were deduced as well (these were studied earlier by a di¤erent method in [18] ).
General symmetric products and Poisson-invariant functionals.
It is convenient to replace Poisson homology with invariant functionals, as follows: let X be an a‰ne Poisson variety. Let g X L GðX ; TX Þ be the Lie algebra of Hamiltonian vector fields, which is the same as O X =ZðO X Þ, viewing O X as a Lie algebra, and denoting by ZðO X Þ the Poisson center of O X . As is standard, invariants of a Lie algebra action of g on A are denoted by
We now reformulate the problem of computing Poisson homology of the algebras of functions on the varieties X ðnÞ :
Here, C½O X denotes the polynomial functions on the (infinite-dimensional) vector space O X ,3) which is equipped with the coadjoint action of g X . The proof is easy and short.
Proof. We have HP
Note that we have an obvious inclusion of vector spaces, O X L Sym n O X , given by f 7 ! f &1& Á Á Á &1. Using this, the inclusion M above follows from the equality
For the inclusion L, we use the fact that Sym n O X is generated, as a commutative algebra, by the subspace O X L Sym n O X : this follows inductively on n by an easy argument. Then,
3)
We decided this notation looks better than O OX ; note though that there are two meanings of the notation C½À, since we also use it to denote the polynomial algebra C½x 1 ; . . . ; x n on generators x 1 ; . . . ; x n .
we use the fact that, for any Poisson algebra A which is generated as a commutative algebra4) by V L A, we have fA; Ag ¼ fV ; Ag, by the identity fab; cg ¼ fa; bcg þ fb; cag: r ð1:4:5Þ 1.5. A C*-equivariant vector bundle on P 1 . We return to the surface X ¼ ZðQÞ from §1.1. In the Kleinian A mÀ1 -case, we will give a short and self-contained proof of Theorem 1.1.14 in §4 (which would deserve mention even if the proof below extended to this case).
The main step of the proof for all other cases is to write C½O X g X as the algebra of global sections of a certain infinite-dimensional C Ã -equivariant vector bundle on P 1 , whose definition and structure we explicitly describe in this section.
Henceforth, we assume that we are not in the Kleinian type A mÀ1 case. This has the following important consequence: Lemma 1.5.1. Suppose that X is not of Kleinian type A mÀ1 . Then, all nonzero homogeneous Hamiltonian vector fields x f have positive degree. In particular,
Proof. In the non-Kleinian case, it is clear that x f has positive degree for all noncentral f , since the Poisson bracket has nonnegative degree and C is central. In the Kleinian case, looking at (1.1.2)-(1.1.6), only in the type A mÀ1 case is there a Hamiltonian vector field of nonpositive degree (in particular, x x has zero degree, and in type A 1 , also x y and x z ). Then, since a e b e c, for all homogeneous f , g with f f ; gg 3 0, we have jf f ; ggj f jx x ðyÞj > b, which implies the final statement. r Next, for any m f 0, let ðO X Þ m denote the subspace of O X of weighted degree m. It is convenient to consider, rather than C½O X , the subalgebra
The entire algebra C½O X is the completion of FðX Þ by the weight grading. In other words, FðX Þ is the algebra of continuous polynomial functions on the completion OX X ¼ C½½x; y; z=ðQÞ with respect to the weight grading. We may view OX X as a pro-scheme (with limit taken over finite-dimensional a‰ne spaces), and in this sense, FðX Þ ¼ C½OX X . Note that C½O X g X is also a completion of FðX Þ g X . In our case, in fact, À Sym n ðO X Þ Ã Á g X will turn out to be finite-dimensional for each n, and hence C½O X g X ¼ C½OX X g X . The lemma will be proved in Section 3. Let us explain why (1.5.4) indeed defines a pro-vector bundle. Note that Y 0 is a pro-coherent sheaf which is pulled back from P 1 . Next, viewing OX X as a constant pro-vector bundle, we may view Y 0 as the cokernel of the pro-coherent sheaf map where OX X =C½½ax þ by is the quotient of OX X by the sub-pro-vector bundle
OðÀ1Þ ni :
We claim that (1.5.6) is injective on fibers. This follows by computing that C½½ax þ by is the kernel of fax þ by; Àg; see Lemma 2.0.19. Hence, this is a pro-vector bundle map, and the cokernel, Y 0 , is indeed a pro-vector bundle.
Next, note that Y 0 is equipped with a C Ã -equivariant structure with respect to the C Ã -action on V , given by, for w A C Ã , Furthermore, Y 0 is pulled back from a pro-vector bundle Y on P 1 . We may thus regard FðX Þ g X as the regular functions on the total space of the pro-vector bundle E :¼ Y l OðÀ1Þ ð1:5:9Þ on P 1 . These pro-bundles are also C Ã -equivariant.
Note that representations W of C Ã may also be viewed as graded vector spaces, with action of w in degree m by multiplication by w m . Thus, we will use the notation hðW ; tÞ for the character of W viewed as a representation of C Ã , i.e., the Hilbert series of W where W is viewed as a graded vector space (rather than a vector space with C Ã -action).
Next, we describe the structure of Y , which will imply the main theorem. First, recall the following basic facts about C Ã -equivariant vector bundles on P 1 : Definition 1.5.10. Let OðnÞ m denote OðnÞ with the C Ã -equivariant structure given by the action of w A C Ã on the fiber over ð1; 0Þ as multiplication by w m .
In particular, the tautological line bundle OðÀ1Þ (which appeared in (1.5.9)) is the equivariant bundle OðÀ1Þ a . We will need the following well known result, whose proof is easy and omitted: Theorem 1.5.11. Let P 1 be equipped with the above C Ã -action.
(i) Up to isomorphism, any C Ã -equivariant vector bundle on P 1 has a unique decomposition as a sum of line bundles of the form OðnÞ m .
(ii) For n f 0,
nðaÀbÞ Þ: ð1:5:12Þ Remark 1.5.13. In fact, we will work also with pro-C Ã -equivariant vector bundles, but only those for which the weight-m subspaces of the fibers at ð0; 1Þ and ð1; 0Þ are finitedimensional for all m A Z. In this case, the above theorem still applies, except that now the pro-bundles will be a direct product of possibly infinitely many OðnÞ m (but only finitely many for each value of m). In particular, the Hilbert series of global sections makes sense.
We may therefore make the following definition: We extend this notation in the obvious way to pro-C Ã -equivariant vector bundles whose fibers over ð0; 1Þ and ð1; 0Þ have finite-dimensional weight-m subspaces for all m A Z. Now, we may state the main technical result of the paper, which implies Theorem 1.1.14. It will be convenient to use the pro-bundlẽ 
The next section is devoted to the proof of this theorem.
Proof of Theorem 1.5.17
The following lemma will be a cornerstone of the proof:
(Note that the inclusion C½½ax þ by H OX X makes sense since, e.g., Q B C½½x; y.) Proof. We first claim that it is su‰cient to consider the case where either a ¼ 0 or b ¼ 0. First, if a ¼ b (i.e., jxj ¼ jyj), then we may change bases to replace ax þ by with x. If a < b, then, letting Z f denote the Poisson centralizer of f , we have gr Z axþby L Z x when a 3 0. Since C½½ax þ by L Z axþby , when a 3 0 it is su‰cient to assume that b ¼ 0.
Suppose b ¼ 0. Let f A OX X be such that fx; f g ¼ 0. We need to show that f is a power series in x. Clearly, one may assume without loss of generality that f is a polynomial. Because X is generically symplectic, f must be algebraically dependent on x. But it is easy to show that C½x is algebraically closed in C½x; y; z=ðQÞ (e.g., any homogeneous element in the algebraic closure of C½x would have to be a rational power of x, and only nonnegative integer powers of x occur in C½x; y; z=ðQÞ), so f A C½x. The case where a ¼ 0 is similar. r Now, in view of Theorem 1.5.11, to prove Theorem 1.5.17 it su‰ces to compute the character (Hilbert series) of the vector spaces
SinceỸ Y is a quotient of a trivial pro-bundle, it su‰ces to take q f 0. We obtain the following, which, together with Theorem 1.5.11(ii), immediately implies Theorem 1.5.17: To prove the proposition, we first rewrite the condition of vanishing to order q at ð0; 1Þ, by explicitly describing the subspace fax þ by; OX X g. As in the introduction, let f x , f y , f z denote the partial derivatives of f A C½½x; y; z with respect to x, y, and z. We have fx; yg ¼ Q z , fy; zg ¼ Q x , and fz; xg ¼ Q y . Thus, fax þ by; f g ¼ aðQ z f y À Q y f z Þ À bðQ z f x À Q x f z Þ: ð2:0:23Þ
In particular, we deduce that fax þ by; C½½x; yg ¼ C½½x; yQ z : ð2:0:24Þ
5) The map to sections vanishing at ð1; 0Þ comes from Oðn À 1Þ mþaÀb ,! OðnÞ m , so we could have instead used sections vanishing to order q at ð0; 1Þ, but with weights shifted by qða À bÞ. The argument goes through in the same way, swapping x with y and a with b.
We may use this to compute the global sections ofỸ Y . Let T be a graded complement to C½½x; y in OX X , so that OX X ¼ C½½x; y l T. By Lemma 2.0.19, the kernel of fax þ by; Àg lies in C½½x; y. Hence, we have an exact sequence 0 ! OðÀ1Þ a n T ! O 0 X X =C½½x; yQ z ! Y ! 0; ð2:0:25Þ and since Y is torsion-free, we conclude by taking global sections that
=C½½x; yQ z : ð2:0:26Þ
To describe V q for q > 0, it will be convenient to sometimes work in the larger ring C½½x; y; z½Q À1 z , and define the operators 
We break up most of the rest of the proof into lemmas. It su‰ces to consider homogeneous solutions to the above equations, which we do from now on. In particular, this means we can (and will) work in the uncompleted rings C½x; y; z, C½x; y; z=ðQÞ, C½x; y; z½Q Proof. We show, inductively on j, that there exist unique homogeneous H i; j , for i þ j e q and i f 1, j f 0, such that (for j f 1)
; H i; 0 :¼ F i : ð2:0:32Þ Then, it follows that H ¼ H 1; qÀ1 has the desired property.
To do this, we use the formula, valid for all homogeneous f of positive degree: Here and below, ðQÞ z is the partial derivative of the ideal ðQÞ H C½x; y; z, not the element.
As a consequence of the lemma, we deduce that the possible H in (2.0.31) are exactly those satisfying (2.0.36) for n ¼ q À 1.
Proof. The implication (ii) ) (i) is easy: since D x , D y are well-defined on C½½x; y; z½Q À1 z =ðQÞ, given (2.0.36), we may assume that Q n j H z , and (2.0.35) follows from a straightforward computation. Next, we prove (i) ) (ii) inductively on n. For n ¼ 0 the assertion is vacuous. Since the assertion does not depend on the choice of H modulo ðQÞ, we may assume inductively that Q nÀ1 j H z and (2.0.35) holds. We must prove that, up to adding an element of ðQÞ to H, we have Q n j H z .
Letting f ðD x ; D y Þ ¼ D x in (2.0.35), we have We proceed now under the assumption that n f 2. Write H z ¼ Q nÀ1 h. Then for all polynomials f of degree e n À 1. By the inductive hypothesis applied to H x , we conclude that contains all Poisson brackets). Hence, we have a map OX X =G X ! V with a canonical zero section V :¼ ðCx l CyÞ L OX X =G X . Let U 0 be the pro-bundle over V n0 whose fiber at ax þ by is the tangent space to the fiber of the above map. In other words,
The pro-bundle U 0 is evidently pulled back from a pro-bundle on P 1 . Call this U. (ii) We have a canonical isomorphism of pro-bundles U G Y : ð3:0:55Þ
We will prove this claim below. For now, we assume it. Introduce the filtration on C½OX X =G X by powers of the ideal I V of functions vanishing on the plane V . By the claim, V nf0g consists of smooth points, and hence
where the latter denotes the global functions on the total space of the pro-bundle Y 0 . The total space of Y 0 (a pro-bundle over V nf0g), is the same as the total space of E ¼ Y l OðÀ1Þ a (a pro-bundle over P 1 ), and we deduce that gr I V C½OX X =G X G C½E: ð3:0:57Þ By Theorem 1.5.17, C½E is in fact a polynomial algebra on homogeneous generators, finitely many in each degree. Hence, the lemma follows from Claim 3.0.58. Let A be a graded commutative algebra A with a descending graded filtration Proof. We have a canonical morphism of algebras, i : SymW W ! A, which becomes an isomorphism when we pass to the associated graded algebras of these filtered algebras. Hence, it must be a monomorphism. To prove surjectivity, fix a degree n f 0. The surjectivity of Sym W ! gr A says that iðSymW W Þ n þ ðF iþ1 AÞ n M ðF i AÞ n ; Ei: ð3:0:60Þ Since T i F i A ¼ 0 and each ðF i AÞ n is finite-dimensional, there must exist j f 0 such that ðF jþ1 AÞ n ¼ 0. We deduce from (3.0.60) that iðSymW W Þ n M ðF j AÞ n , and applying (3.0.60) j more times, we deduce that iðSymW W Þ n M ðF 0 AÞ n ¼ A n . r We apply this for A ¼ C½OX X =G X , with the filtration by powers of I V , and A 0 ¼ C½E. r Proof of Claim 3.0.54. Since OX X is a G X -representation, for any element f A OX X , we have 
(in fact, this is an equality), we see that (3.0.63) holds. r Now, Theorem 1.1.14 (in the non-type A case) follows from Theorem 1.5.17, since we have identified the regular invariant functions with the regular functions on the total space of E ¼ Y l OðÀ1Þ a . That is, we take the global sections of
If we decompose Y ¼ Q i Oðn i Þ m i , then the desired regular functions form a polynomial algebra on the generators
, of weight Àm i À n i a and polynomial degree n i þ 1 (these vector spaces are one-dimensional, so any nonzero f i will work), together with the generators a and b, which are the sections of Oð1Þ Àa . Letting L again denote the span of these generators, we see from (1. We note that the above theorem is not stated in quite this way in [10] , but rather in the equivalent formulation that
Sym n i HH 0 ðAÞ; ð5:0:76Þ where P n is the set of partitions of n, and n i denotes the number of cells of n of size i.
We have the following immediate corollary: [2] for the former with the formulas mentioned in the introduction for the latter), the theorem follows from Theorem 5.0.73 and the main Theorem 1.1.14. r Proof of Corollary 1.3.2. Consider first the case of noncommutative A. By [8] , Theorem 1.8 (concerning A) and [2] (concerning Weyl 2n z G n ), for generic symplectic reflection algebras A associated to G n , one has HH 0 ðAÞ G HH 0 ðWeyl 2n z G n Þ. By the theorem, this is also isomorphic to HP 0 ðBÞ. On the other hand, the dimension HH 0 ðAÞ can only increase at arbitrary symplectic reflection algebras A associated to G n , by upper semicontinuity of HH 0 . However, dim HH 0 ðAÞ e dim HP 0 ðBÞ for all filtered quantizations A of B, which includes all these symplectic reflection algebras. So, the dimension cannot increase, and dim HH 0 ðAÞ ¼ dim HP 0 ðBÞ for all symplectic reflection algebras A associated to G n . This implies the result.
For the case of commutative A, again by upper semicontinuity of dim HP 0 ðAÞ, it suffices to show that dim HP 0 ðAÞ ¼ dim HP 0 ðBÞ for generic commutative symplectic reflection algebras A. For generic A, the variety Spec A is smooth and symplectic [8] , Theorem 1.13, and hence HP 0 ðAÞ G H 2n ðSpec AÞ, the top nontrivial cohomology group of the a‰ne variety Spec A. This is known to also have the same dimension as f n ðm X Þ, for instance, by combining Theorem 1.13, Corollary 1.14(iv), and Theorem 3.1 of op. cit. r Proof of Theorem 1.3.3. Although the deformation quantization of O X is not, in general, simple, we may deform X to ZðQ À lÞ, which is symplectic for l 3 0. Let
